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 دا عــــزت د هـــر افـغـان دى
 هر بچی يې قهرمـــــان دى
ازبـکــــــــو د  بـــــلـوڅـــــــو   د 
 د تـــرکـمنـــــــو د تـــاجـکــــــو
 پــاميــريـــان، نـورســـتانيــــان
 هـــم ايمـــاق، هم پشـه ېان
 لـکـه لـمــر پـر شـــنـه آســـمـان
 لـکــــه زړه وي جـــاويــــــدان
 وايـــو الله اکبر وايو الله اکبر

افغانســـتـــان دى  دا وطن 
 کور د سولې کور د تورې
 دا وطن د ټولـــو کـور دى
 د پښـــتــون  او هـــــزاره وو
 ورســـره عرب، گوجــر دي
 براهوي دي، قزلباش دي
 دا هيــــــواد به تل ځليږي
 په ســـينــه کې د آســـيـــا به
 نوم د حق مـــو دى رهبـــر

ملي سرود
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Exponential and logarithmic equations

    2
2
1

55
xx 3)1(log 2

2 x 
     

x     
       x  .

                   
                  

       .

: 322 1xx   .
:      .

6,5122322 511 xxxx

: 413 28 x  .
:

4)13(3133

413

22)2(
28

xx

x

             :

9
779

349439
4)13(3

xx

xx
x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


:

4443
4

343
4

43
37

41
3
7

41
9
73

222)2(2828

28

28

21 6416 xx x  .

:
                       

.                  
                      

      .
            

.
:  x   .

:
3)1(log 2

2 x
     :

3,99

981
21

22

2

32

xxx

x
x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


 : 9log2)2(log 33 x x  .
:

2
33

33

9log)2(log

9log2)2(log

x
x

       .

79
28192 2

x
xx

:  04log5log3loglog 5555 x    x    
.
:                :

4
15

4
15log

4
53log4log5log3loglog 555555 xx

: 1)23(log 2
3 xx  x  .

:

0233)3(
023330233

3231)23(log

2

212

122
3

xx

xxxx

xxx x

 tx3 :

2log2log23
03313

2,1
0)2)(1(023

3232

1
0

1

21

2

xxt
xt

tt
tttt

x

xx

:   x  .
1)log(2)36log( 2 xx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


:

2,2,2
4369

036101036

103610log36log

1)log()36log(

21

22

2222

2

2

2

2

22

2,1 xxx
xx

xxxx
x

x
x

x
xx

     x   .

2
2
1log)

43log)

37)
11)11()

5

312

13

x
xd

xc

b
a

xx

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


      
            

               
 .

        :         
     :NMNM loglog)log(

 : 2.8817.3        .
:       :

4466.29455.15011.0
2.88log17.3log)2.8817.3log(

   .             .. 
    .

    :

80.24472.0log
79.24456.0log

anti
anti

             

  0016.0
0006.0

4472.080.2
4466.0
4456.079.2

01.0 t
d

  

00375.0
0016.0
00006.0

0016.0
01.00006.0

0016.0
0006.0

01.0
d

dd

http://www.abbyy.com/buy
http://www.abbyy.com/buy


 d      :

375.297)1079375.2log(log
79375.200375.079.2
2 xx

t

  375.2974466.2loganti:375.2972.8817.3

 
                      
          .

622.74        .

        :
                  

  :NM
N
M logloglog

:
49.3

8750     .

:49.3log8750log
49.3

8750log

    :

2507
49.3

8750
25073992.3log

3992.35428.09420.349.3log8750log
5428.049.3log
9420.38750log

anti

http://www.abbyy.com/buy
http://www.abbyy.com/buy


:                      
                        

.

 
2.16

374     .

       :
                  
 MnM n loglog

: 6)05.1(  .
:

1272.0
)0212.0(605.1log6)05.1log( 6

 340.11272.0loganti

    :                   
        .

 3
2

)694(      .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


1 .       .

?78.7097.0

2 .        .

?
1.25
2.32)?

737
8) ba

3 .      .

?)964( 3
2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


  

 : a    1a  xaxf )(   a  .
   :

          .
  21 xx )()( 21 xfxf.

    1a ) (  .
     y   .
      xLoga.

:xy alog xay       .
 

     .
       ) (  .
  21 xx )()( 21 xfxf.

       xxf alog)( y .
  :
  1log aa

 01loga

  yxyx aaa loglog).(log

 yx
y
x

aaa logloglog

   xnx a
n

a loglog

  
a

M
M

a log
1log

  M
b
M

b
a

a log
log

log

  x
n

x aan log1log

http://www.abbyy.com/buy
http://www.abbyy.com/buy


  :
      (Brigys)  

 )log (    .
   e              

ln   xxe lnlog

  
 Snx loglog   101 Sn   n   
       .

:)(log S          
      .
 (antilogarithm): xyalog yx   

xantiy log
 :               
         .

   
                

          .
                 

.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


  

              
.

 .)
4
1(log 2  

3)3)4)4) dcba

.
4
181log 4

b b   :

4)81)81)
4
1) dcba

3 . 01.0log81log3    .
9)8)4)0) dcba

4 . x  3log2log81log x  .
5)4)3)2) dcba

 .?16log2

4)5)3)4) dcba
 .125log

5
1

5)4)3)3) dcba

 . 
2
1log

2
1    :

1)1)
2
1)

2
1) dcba

 . x 93 1x      :
3)9)9)3) xdxcxbxa

 . 21.234log :
3)2)1)0) dcba

 .       :

 )
log

1log)
log

1log)
log

1log) d
a

mc
m

mb
m

ma
m

a
a

a
a

a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


 .  x  

2log)2(log)1(log)20log2)34log()

log
2
111log)715)

6416)9log2)2(log)
93)33)

555

112

21
33

14223

xxhxg

xxfe

bdxc
ba

xx

xx

xxxx

-       .

?
1.0

10log)?)
128
8log()?100log)

?
243
1log)?43log)

3

10
4

10

38

edc

ba

.  .

?
128
8log)?

1.0
10log)?100log)

?
243
1log)?4log)

3

10
4

10

3
3

8

edc

ba

 .  .
1987.2)5682.4)8954.0)7300.1) dcba

 .    .
002.0log)3.3065)91)89500) dcba

 .       .
8.340062.0)9.5201.2) ba

 .        .
47.73.17)256888.0) ba

 .           .
21.0)418))7.84())42.7() 23 dcba

http://www.abbyy.com/buy
http://www.abbyy.com/buy


        

http://www.abbyy.com/buy
http://www.abbyy.com/buy


http://www.abbyy.com/buy
http://www.abbyy.com/buy


203

http://www.abbyy.com/buy
http://www.abbyy.com/buy


204

http://www.abbyy.com/buy
http://www.abbyy.com/buy


205

Matrixes
        
              
    2555 

     .

 
      ),( yxM.
 M )','(' yxMx  .
 M M   .

    .
    p    p y S   S 
    .
         :

'

'
'

10
01

'10
'01

'
'

MM

y
x

y
x

yyx
xyx

yy
xx

   M  
10
01   M   .

 
y
x 

'
'

y
x        .

   
10
01           .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


206

 :
10
01

,
10
01 

10
01   pp ,'ss ,'    

 .
 )      ( .

10
01

,
10
01

,
10
01

:          
  (Matrix)   .
              .    ...,, CBA  

  ...,, cba   .
        .

a    i    j        ija      
 i j                     .

...3,2,1,...3,2,1 ji

mnmmm

n

n

aaaa
aaaa
aaaa

A
...
...
...

321

2232221

1131211

124
573
412

A

27
3
40C

3
2
1

B

http://www.abbyy.com/buy
http://www.abbyy.com/buy


207

 :  A   m      n      A

   nm    m  n     
)( nmjiaA             .

  .

dc
ba

DCBA
651
432

5
3
1

21
51
32

        11)(XA  A      
   .7)7( 11A

:       .
23232222 )()())()() jiabjiaa jiji

:           a  
 22 .

2221

1211

aa
aa

422,312,321,211 22211211 aaaa
jia ji

        :
43
32

 b(: b     )23(  3 2

 .

3231

2221

1211

aa
aa
aa

623,422,221
313,212,111

322212

312111

aaa
aaa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


208

        :
63
42
21

3231

2221

1211

aa
aa
aa

              

 :
32

21
3
2

b
a    1a 2b 

)21( 
2
1       

1. .

401
231

063
652
421

BA

2.      .

32323333 )()())32()()
j
iabjiaa ijji

http://www.abbyy.com/buy
http://www.abbyy.com/buy


209

 
      

   

1.(Row Matrix):     
 :41)0954(A

2.  (Column Matrix):     

    :
13

2
3
5

A

3.)Null matrix(:      
     nm0  .

23

23
42

42

00
00
00

0
0000
0000

0

4.(Square Matrix):        
 )( nm    :

33,
201
975
431

33

nmA

     .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


210

  nnaaa ,...,, 2211(Mean diagonal)    
11 ,..., nn aa (Minor Diagonal)  .

  3114    

5. (Diagonal Matrix):         
      .

33
300
030
001

A
2250

01
B

6.  (Scalar Matrix):       
      :

nm
K

K
K

K

A

...000

0...00
0...00
0...00

7.  (Unite Matrix):        
 )1(        nI   .

1...000
0...100
0...010
0...001

,
100
010
001

,
10
01

32 nIII

nnnn

n

n

aaa
aaa
aaa

...

...

...

1

22221

11211

...

... ... ...

... ... ...

http://www.abbyy.com/buy
http://www.abbyy.com/buy


211

33    .
    33             

 .
    :

              
    (Triangular matrix)  .
          

(Upper triangular matrix)             
 (lower triangular matrix)  .
  A    B  .

400
970
321

,
973
042
001

BA

 ) ( :
  A  )( A       A 

    . nmjiaA )( ) (
)( A  :

nmjinmji aAaA )()(

    :

432
021
542

432
021
542

AA

http://www.abbyy.com/buy
http://www.abbyy.com/buy


212

1.      :

01
13

)

0
1
2
3

)

21)8765)
300
030
003

)

100
010
001

)
000
000
000

)
010
321
543

)

HhGg

FfEeDd

CcBbAa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


213

    
Addition and subtraction of Matrix

       
        .

1(   :
nmjiaA )( nmjibB )(    CBA   
    jiC  jia jib     
             

 . jiC      :
nmjinmjijinmjinmjinmnmnm cbabaCBA )()()()(

 :

23

2323

31
21
44

)4(701
2012
2231

40
21
23

71
02
21

40
21
23

,
71
02
21

CBA

BA

2 .   :
            . 
nmjiaA )( nmjibB )(        :

nmnmjinmjijinmjinmjinmnm CcbabaBA )()()()(

 
13
12

A 
43
12

BBA  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


214

     :
1.          :

ABBA
ABBA

2.        .)()( CBACBA

3.   (Identity Element)        
   .AAA 00

: 
106
452

321
A 

652
030
5111

B   BA   .

:      )33(      
  .

554
422
2110

615026
043502
5312111

652
030
5111

106
452
321

BA

     ABBA.

: 
60
43
21

A 
152
313

B    BA 

BA   .
:   A B           
   A   23  B  32 .

       :

101
431

,
31
02
11

),
11
22

,
11
22

)

110
013

,
014
321

)

BAcBAb

BAa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


215

     
             

  
dc
ba

A   K  

              .

 
ihg
fed
cba

A   k  AK    .

KA
ihg
fed
cba

A ,

 
50
05

B            .

        .
: nmjiaA )(   IRK    KA C    
   ijC   K    ija  .

)( jiji aKC

 : 
101
012
631

A 2K KA    .

:
202
024

1262

)1(20212
021222
623212

101
012

631
2AK

http://www.abbyy.com/buy
http://www.abbyy.com/buy


216

      :
A B     :

)()()()
)()

)()

AAAc
AAAb
BABAa

  :  
93
63

,3,2 A     

)()()( AAA
 :

)()()(

5418
3618

279
189

2
93)3(3
6333

2
93
63

32)(

5418
3618

96)3(6
6636

93
63

6
93
63

)23()(

5418
3618

183)6(3
12363

186
126

3
92)3(2
6232

3
93
63

23)(

AAA

A

A

A

1.
11
02

,
01
01

,2 AB 1  .

      

2. 
100
210
115

A 3K AK A
K
1 .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


217

   
Multiplication of two Matrixes

         
          

ABBA          
  

  nmjiaA )( pnjibB )(        
                        
  .        :pmjiaC )(    
                       
   .

pmpnnm CBA

         :
                       
                   

     )  (          
                     

 .       .

pmji

n

ji
jijipnjinmji Cbaba )()()(

1,

http://www.abbyy.com/buy
http://www.abbyy.com/buy


218

 :
101
021

A 
1
0
1

B   BA.

:         :

2
1

)1(10011
)1(00211

1
0
1

101
021

BA

 : 
212
132

A 
21
02
31

B  BA 

   .
:          :

22

23
32

22
49

406222
206162

2201)3(2)1(221)1)(2(
2)1(0332)1)(1(2312

2
0
3

212
1
2

1
212

2
0
3

132
1
2
1

132

21
02
31

212
132

BA

BA

 :
25
31

A
716
023

BBA .
    :

141227
21521

1402101215
21032183

720512256235
730113216331

716
023

25
31

BA

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


219

 
10
12

A 
310
024

B          AB 

BA        .

: 
21
12

C 
34
43

DCD DC      

 .
:

211
112

6438
8346

2)3()1(4)3(124
24)1)(3(1423

21
12

34
43

211
112

6483
3846

)3(241)4(2)3(1
)3)(1(42)4)(1()3(2

34
43

21
12

DC

CD

DCCD .
    :

 :         .
 A B   AB BA  :BAAB

 :   . AB, C nm

  )()( BCACAB

 :         :

AAIIAd
IRKKBABKAABKc

BCACCBAb
ACABCBAa

)
,)()()()

)()
)()

http://www.abbyy.com/buy
http://www.abbyy.com/buy


220

       .

?
2
3

24
32

)

1
1
2

123)

?
4
3

21
32

)

?
10
05

02
10

)

d

c

b

a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


221

  
Transpose of Matrix

          
               

    .

 
201
132
011

A          

    .
           )   

(              
 

      .
:    )( nm        
    (Transpose)    A 

  TA  .    )( mn.

 :
32410

321
A     :

23
43
12
01

TA    

 TA   A           A    
 (Symmetric Matrix).

 :
035
324
541

A     :
035
324
541

TT AAA

   :      :

dfc
fcb
cba

http://www.abbyy.com/buy
http://www.abbyy.com/buy


222

    :
 :         .

AaaaAA ji
T

ij
TT

ji
TT )()()()(

 :                   
  .TTT BABA

   ...... TTTT CBACBA

 :TTT ABBA

  :
TT

TT

AA
IRAA

)(
,

 
12
23

A 
25
32

B   :

TTTTTT BABABABA )(,)(
:      .

32
33

301
213

,
360
124
751

BC

 :

3333

23
32

317
625
041

360
124
751

32
01
13

301
213

T

T

CC

BB

1. A B         .

3333
032
354
240

,
320
510
321

BA

2.    3     4  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


223

Determinant
     

 bcad     
.

 A      A      

 
2221

1211

aa
aa

A    Adet A  
2221

1211

aa
aa   .

     nn  n n 
  n  . nnjiaA )(              

  :
nxnnnnn

n

n

aaa

aaa

aaa

AA

...

...

...

det||

21

22221

11211

 22    :
dc
ba

A      .

bcda
dc
ba

A ||

:
27
43

A   .

:222864723
27
43

|| A

 
36
41

A   .

... ...

http://www.abbyy.com/buy
http://www.abbyy.com/buy


224

 33   : 33A    :

333231

232221

131211

||
aaa
aaa
aaa

A

: 33A     :
 :       )(  22    

          :

3122132312

333231

232221

131211

)( aaaaa
aaa
aaa
aaa

 :       22          
               

:

 :       )(  22      
        :

 : 1 2 3      A     .

332112332211321321322311312213312312

332112221132132123113122132312

333231

232221

131211

)()()(||

aaaaaaaaaaaaaaaaaa

aaaaaaaaaaaaaaa
aaa
aaa
aaa

A

3213212311

333231

232221

131211

)( aaaaa
aaa
aaa
aaa

3321122211

333231

232221

131211

)( aaaaa
aaa
aaa
aaa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


225

:      .

714
215
362

B

:    :

1171961960IIIIII

1967287)302(7))6(512(
714
215
362

III)

19154)1))(3(522(
714
215
362

II)

6041543124)3(126
714
215
362

I)

 
011
124

30a
A   a    .

 :       :             
     :

                       
              

      A      :
)()(|| 332112322311312213322113312312332211 aaaaaaaaaaaaaaaaaaA

3231

2221

1211

333231

232221

131211

aa
aa
aa

aaa
aaa
aaa

A

http://www.abbyy.com/buy
http://www.abbyy.com/buy


226

                     
        .

 :          .

625
034
123

|| M

:

1096346)48015()8054(
6)4(2)2(0353)1()2)(4)(1(502633

25
34
23

625
034
123

|| M

  || A            
     .

121
321
012

|| A

1.      .

512
315
240

),
651
312
011

),
73
25

),
42
01

) dcba

2.          .

321
715
321

),
714
021
653

) ba

232221

131211

323331

232221

131211

aaa
aaa
aaa
aaa
aaa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


227

  
          

        
  

 
412
321
000

|| A 
412
321
321

|| A .

 
145
624
312

|| A      || TA

)(    |||| AAT .
       .
 nnA  || A     .
1.  nnA           A 

 .0
0
0
0

||,0
000

||
fe
dc
ba

A
fed
cbaA

2.nnA          

  .0||
fed
cba
cba

A
fed
cba
cba

A

3.nnA                   

0|| A.0)0(||
fed
cba
cba

fed
cba

cba
A

4. A  TA         
     :

http://www.abbyy.com/buy
http://www.abbyy.com/buy


228

                 
 .

 : 
013
221
412

|| A            

     .
:

101020)064()4240(
031
212
421

10)0424()460(
013
221
412

B

A

    A            
      :|||| BA

  K                      
 .              

    .
: || A    .

25120
2128
22316

A

:          4        
    .

2515
2122
2234

4
25120
2128
22316

|| A

           .

100
240
853

)
000
1197
421

)
650
430
210

) cba

http://www.abbyy.com/buy
http://www.abbyy.com/buy


229

 22   
Multiplication inverse of 22 matrixes

         
 a      

           
         .

 
23
12

A         .

 
23
22

B  A       .
      :

: nnjiaA )(         B   
  :IBAAB

     B  A      1A  .  
  :IAAAA 11

   : A      )Singular Matrix(    0|| A  
  A     )non singular matrix(  0|| A.
           :

1.  .
2.     .

 :  
72
31

,
12
37

AB    .
:

10
01

7622
212167

72
31

12
37

10
01

761414
3367

)1(7)3(2)2)(7()7(2
)1(3)3)(1()2(3)7)(1(

12
37

72
31

AB

BA

  :IBAAB  A B    .

d
a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


230

)matrixofjointAd(: 22                
                  

)ad joint=adj (     :

15
27

75
21

KAdjK

ac
bd

AAdj
dc
ba

A

               0|| A .  
   22         .

0||
||

11 AAAdj
A

A

 : 
65
23

A    .

:081018
65
23

|| A

    A        A   .

8
3

8
5

4
1

4
3

8
3

8
5

8
2

8
6

35
26

8
1

||
11 AAdj
A

A

:I
10
01

4
9

4
5

4
15

4
15

4
3

4
3

4
5

4
9

8
3

8
5

4
1

4
3

65
23

      
dc
ba

A           0|| A

      :
ac
bd

A
A

||
11

1.        .

154
195

)
210
15

) BbAa

2.         .

11
31

)3
31
21

)2
13
21

)1 CBA

http://www.abbyy.com/buy
http://www.abbyy.com/buy


231

          
                 

             
 

    
222

111

cybxa
cybxa  :

            .
     .

              .
         :

2

1

22

11 ,,
c
c

B
y
x

X
ba
ba

A

  A        B     
  X        1A              

:

BA
y
x

XBAIX

BAXAABAXAA
BXA

11

1111 )(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


232

 :      
73
52

yx
yx   

  .

:  
31

21
A

y
x

X 
7
5

B.

7
5

31
21

y
x

0123
31
21

|| A

   A       A          
       :

2,1,
2
1

75
1415

7151
7253

7
5

11
23

11
23

11
23

1
1

11
23

||
1

11
23

1

1

1

yx
y
x

X

BAX

A

A
A

AAdj

 :       
33
225

yx
yx

  .
: :

0165
13
25

||

13
25

,,
3
2

AA

A
y
x

XB

http://www.abbyy.com/buy
http://www.abbyy.com/buy


233

   0|| A A.

9,4
9
4

156
62

3523
3221

3
2

53
21

53
21

53
21

1
1

||
1

53
21

1

1

yx
y
x

X

BA
y
x

X

AdjA
A

A

AdjA

 : x y        .

164
432

yx
yx

               :

01212
64
32

||

,
1
4

,
64
32

A

y
x

XBA

   A     A        
     .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


234

           .

94
11

)

642
753

)

225
12

)

ba
ba

c

qp
qp

b

yx
yx

a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


235

         
Crammer's rule

         
   xyz ,,   

            
   

               A:

333231

232221

131211

3333231

2232221

1131211

aaa
aaa

aaa

A

dzayaxa

dzayaxa
dzayaxa

   xy , z          0|| A

.

||
||,

||
||

,
||
||

A
Az

A
A

y
A
AX zyx

  || xA || yA || zA    xy ,z   
  .             :

3333231

2232221

1131211

daaa
daaa

daaa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


236

 || xA     ) x (   )     
   (   33        

|| yA     ) y (   )    
   (     33     . 
 || zA    ) z (        33

      .

    || xA || yA || zA .

 : 
22
33

yx
yx        .

:0761)6(1
12
31

A

  0|| A    .
    :

7
4

7
62

7
22
31

||
||

7
9

7
63

7
)6(3

||
12
33

||
||

212
331

A
A

x

AA
Ax

y

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


237

 :         .

1122
53

4223

zyx
zyx

zyx

:

  0|| A    .

029821
2612449

22
31
23

122
131
223

|| A

3
29
87||

871671

)223024(82099
22
31
23

1122
531
423

||

2
29
58||

58572223
)43320(22815

112
51
43

1112
151
243

||

2
29
58

||
||

586810
)10866(202212

211
35
24

1211
135
224

||

A
Az

A

A
A

y

A

A
Ax

A

z

z

y

y

x

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


238

:
 xy , z         :

111111344)3()2(2)2(2
555383623)2(32

444646)3(2)2(2)2(3

   .

022
02

0
)

122
2
1

)
zayx

zyax
azyx

b
zyx

zyx
zyx

a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


239

    )Gouse ( 
         

 xy , z   .

               
       )     (    
                           

            
........,,, 321 RRR:
 :         .

73
52

yx
yx

:   :

:221 RRR            
  .

22 )1( RR       )1(         
 .

52
1455)2(2,2

210
521

)1(
210

521
731
521

22221

yx
xxxy

RRRRR
          )1-  (      

http://www.abbyy.com/buy
http://www.abbyy.com/buy


240

          .

42
32

yx
yx

:         .

324
1123
532

zyx
zyx
zyx

:       :

3124
11213
5132

3

2

1

R
R
R

     x        .     3   
             :

3124
7770
5132

23
3124

11213
5132

221 RRR

    x             2   
          :

7380
7770
5132

2
3124
7770
5132

331 RRR

     y         8    
  7         :

1053500
7770
5132

78
7380
7770
5132

332 RRR

http://www.abbyy.com/buy
http://www.abbyy.com/buy


241

      z   :
310535 zz

 z        y   :
2,1477217777 yyyzy

     y z      x  .

1,2352
53253232532

xx
xxzyx

      :)3,2,1(),,( zyx

:          .

401272
24654
18642

321

321

321

xxx
xxx
xxx

 :

           12 , xx 3x              
           10      

)100321 xxx (    .

10000
12630
18642

22630
12630
18642

401272
12630
18642

2
401272
24654
18642

332331

221

RRRRRR

RRR

http://www.abbyy.com/buy
http://www.abbyy.com/buy


242

      .

0
2
0

21

31

32

xx
xx
xx

:                 
            :

         .

63
32

222
)

1125
02193

21042
)

53
53

)
y
yx

yx
c

zyx
zyx
zyx

b
yx
yx

a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


243

  

  :              
   . )Matrix (  .

  :
 :      .
 :      .
 :       .
 :           .
 :                
 .

                   .
 :              .
 :          1    .

   :
    :         :

nmnmjinmjijinmjinmjinmnm CCbabaBA )()()()(
     :

0)()5
00)4)()()3

)2)1

AAAA
AAACBACBA

ABBAABBA

    : IRK nmjiaA )( :
nmnmjinmji CCaKKA )()(

      :

)()()()
)()

)()

AAAc
AAAb
BABAa

   :             
           nmjiaA )( pnjibB )( :

pmpmjipnjinmji CCbaBA )()()(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


244

                    
         .

    : A B   :

)()()()5
)4)()3

)()()2)1

KBABKAABK
AIAAIACABCBA

BCACABBAAB

    :   nmA         
            . A   TA 

.
 :              

      .
 :  A     TA   )TAA (  A

    .
:  A        A    
   || A Adet    .

  :
1.  nnA                        :

0||det AA
2.          ) (     .0|| A
3. nnA                     

  .0|| A
4. A   A      :|||| AAT

   : nmjiaA )(         B 
     IBAAB     B  A   

    A    1A :IAAAA 11

   :
           .

       .
        .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


245

 

            .
1. 3|| A  || 1A .

3)
9
1)9)

3
1) dcba

2. 
m

m
A

1
132      m  

2
1,1)0)1)

2
1,1) mdmcmbma

3. 
25
13

A x         1AAx  

.

1225
59

)
1625

59
)

1425
59

)
1425
59

)

dc

ba

4. 
12
12   xy 2     .

a( y        b( x      c(02xyd(0y

5. x     
931
421

1 2xx
 

6.2,3)3,
2
1)1,3)2,1) xdxcxbxa

7. 
431
210
312

    .

9)19)39)29) dcba

http://www.abbyy.com/buy
http://www.abbyy.com/buy


246

   .

1. 
40
31

A 
32
15

B   :
BAbBAa 34)23)

2.   
301
201

A 
12
31
02

B    AB BA  

   BAAB.
3.     :

10
42

,
22
43

,
10
42

ABC

            .
4.      .

112
201
121

A

5.      )ad joint (  .

93
52

M

6.         .

542
42

)
43
1022

62
)

21

21

xx
xx

b
zyx

zyx
zyx

a

7.        .

2272
1732

)
0245
0523
0332

)
y

yx
b

zyx
zyx
zyx

a

8.          .

12
2

)
0234

013
)

yx
yx

b
yx

yx
a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


247

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


248

  

 

 

1p

2p 3p

http://www.abbyy.com/buy
http://www.abbyy.com/buy


249

        
       
      .

                            
        .      .

                   
)Position Vector (   .

                      B (5,5)

 .
                    

       .
               .

       .
:                :

1.a b           )( ba   
    .

2.    0AB      AB    )Zero Vector (
  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


250

3.                         
   :

 aOA aAO    :)( AOOA.

:              
y

x

a
a

a  

    xa x       ya y   a       
.

 :        
2
3

a 
3
2

b  

:      :

:                  
                      
                   .

1.          :
a.      .
b.        .
c.      

b

y

x
2

3

o3

2

o

a

x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


251

      
           

        .  
         

     

          )2,1(P )4,4(Q    :

 PQ    

PQ      PQ     
    

 PQ    
           

        
      :

: PQa        ),( 11 yxP   ),( 22 yxQ  

      
12

12

yy
xx

a
a

a
y

x    PQN            

   a    :22
yx aaa

 PQ  :

2

2
21

21

yy

xx

y
x

M
m

m

)2,1(P

x
4

)4,4(Q

1

4

y

1x

),( 11 yxP

2x12 xx

1y

2y

y

x

N

12 yy

),( 22 yxQ

http://www.abbyy.com/buy
http://www.abbyy.com/buy


252

 :)2,1(P )4,4(Q        
:       :

3
5.2

2
6
2
5

2
42

2
41

m

m

y
x

M

         
3
5.2

M      P Q       

          :

1323)24()14()()( 22222
12

2
12

22 yyxxaaPQ xx

 : )4,2(A )5,5(B       .
:       :

1019)45()25()()(

5.4
5.3

2
9
2
7

2
45

2
52

222
12

2
12 yyxxAB

y
x

M
m

m

       .

)8,1(,)8,8()
)5,1(,)1,5()
)4,3(,)7,2()

PQiii
MNii
ABi

x

y

1 4

2
3
4

)4,4(Q

)2,1(P
M

5.2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


253

     
      

   .
         

 

            IRyxyxIR ,/),(2      
      .

   P    ),( yx   .

 u      
y
x      .

    P    ),( yx    u     

    
y
x 

 
y
x

u 
y
x

v    IRa           

       :

i(
yy
xx

y
x

y
x

vu) (

ii(
ay
ax

y
x

aua)  (

:                 
  2IR)(           .

     :

http://www.abbyy.com/buy
http://www.abbyy.com/buy


254

:   
0
1

i 
1
0

j               

ji.
y
x

u     :

yjxi
y
x

u

yjxiyx
y

x
y
x

u
1
0

0
10

0

i j    x y     .
   )unit victor(:    

               
  .

 : 
3

1
u 

5
2

v      .

(i)    :?vu(ii)  :?24 vu(iii)  :?vu

(iv)  :?uu(v)    :?u

 :

109131)

0
0
0

3
1

3
1

)

8
8
1

53
21

5
2

3
1

)

28
2

8
1012
44

5
2

2
3

1
424)

23
2
3

53
21

5
2

3
1

)

22uv

uuiv

jivuiii

jivuii

jivui

1. 
1

2
u 

2
3

v vu 2 vu 2 vu 42  .

y

i

1

2

0 1 2 x

y

0
x

u

xi

yj

),( yxP

j

http://www.abbyy.com/buy
http://www.abbyy.com/buy


255

       
             

             
    

  3IR       ),,( zyx       :
IRzyxzyxIRIRIRIR ,,/),,(3

   123 ,, ppp                .
                             
 .                       
  z             y         

     x           O       .
     .

                            
    .

         || x|| y|| z .
          :

         ),,( 111 zyxA

             
               x  
      y          

   ),( yx        
     z        

               
  .

  

 

 

y

z

x

o

http://www.abbyy.com/buy
http://www.abbyy.com/buy


256

:      xy , z                  
 .

 )3,4,2(A )3,3,2(B        .

    ),,( zyxP    OP  u     2IR       

  3IR      u v       a  
   :

zz
yy
xx

z
y
x

z
y
x

vu )           (

az
ay
ax

z
y
x

aua ) (

: 
3
1
2

v 
0
4

1
w wv wv w2wv 2  .

:  :

7494916

3)7(4
3
7

4

03
81
22

0
8
2

3
1
2

2)

0
8
2

0
4
1

22)

3
3

3

03
41
12

0
4
1

3
1
2

)

3
5
1

03
41
12

0
4
1

3
1
2

)

222wviv

wiii

wvii

wvi

http://www.abbyy.com/buy
http://www.abbyy.com/buy


257

 :

A-         
0
0
1

i 
0
1
0

j 
1
0
0

k :

1kji         xyz ,,        

    .          
z
y
x

v        

          :

kzjyix
z

y
x

z
y
x

v 0
0

0

0

0
0

B-         :  1OP 2OP ),,( 1111 zyxP

),,( 2222 zyxP         :

12

12

12

21

12212211

zz
yy
xx

pp

OPOPPPOPPPOP

  1P 2P         :
2

12
2

12
2

1221 )()()( zzyyxxPP

   1P 2P   .
C-                   )0,0,0(),,( 111 zyx

),,(),,( 222 zyxzyx                      
:

222222
21 000 zyxzyxpp

x

y

z

o

1p

2p

http://www.abbyy.com/buy
http://www.abbyy.com/buy


258

 : )5,4,5(a        
:                         
  C     :

6625162554)5( 222222 zyxa

 : kjiu 32 kjiv 264 kjiw 396  .

?)?2) wvuiivui

:  :

212

4144642)12()8(

2128)321()963()642()

)51510(412832

)264(2322)

222

kjikjiii

kjikjikji

kjikjivui

1. u v      .

2.     vu , w                     
 .

?|2
3
1|)?462) wvubwvua

3.u vv , ww , u    .

4.       uv , w    

http://www.abbyy.com/buy
http://www.abbyy.com/buy


259

       

 :  r           ,

             :

z

y

x

rOC

rOB

rOA

rOP

r        :

coscos

coscos

coscos

rz
r
z

ry
r
y

rx
r
x

            :

2

222

2

2

2

2

2

2
222 coscoscos

r
zyx

r
z

r
y

r
x

  2222 rzyx :1coscoscos 2

2
222

r
r

     zkyjxiOPv     

       ,     v  ijk ,, 
       .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


260

     ,   
       
               

 v       
   :

:     v    
z
y
x

v      

      :1coscoscos 222

     :222 zyxzkyjxi
z
y
x

v

        OPv  :

v

v

v

v

v

v

v

v

z

y

x

1. kjiu 2 kjiv 223 kjiw 35  

?3)?3)?2) wvcwvbwvua

2.     kji 2)1(    3 .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


261

     
           

                     
         :

cos|||| baba  abba  

u v             .

 u v    vu     :cosvuvu

     uv     )0( .

       :

iiiuvvu

iiikkjji

ikkjjii

(

(0,0,0

(1,1,1

iv( u v   0vu       .

 jbiaa 11 jbiab 22    ba    
2121 bbaa     .

    ba           

kcjbiaa 111 kcjbiab 222.
          .

: u v w   c     :

http://www.abbyy.com/buy
http://www.abbyy.com/buy


262

ivuvu (0

iiuvvu ()    (.

iiiwuvuwvu ()()    (.

ivvucvuc ()()( .

  :  kcjbiau 111 kcjbiav 222      
    .

:  :

212121212121

212121212121

222111

)()()(

)()()()()()(

))((

ccbbaakkccjkbcikac

kjcbjjbbijabkicajibaiiaa

kcjbiakcjbiavu

 : 
1

1

y
x

v 
2

2

y
x

w        :

2121 yyxxwv

:     :cos2
222

wvwvwv

  
1

1

y
x

v 
2

2

y
x

w   
21

21

yy
xx

wv     :

wvvwyyxx

wvyyxx

wvyxyxyyxx

cos

2/cos222

cos2

2121

2121

2
2

2
2

2
1

2
1

2
21

2
21

w
wv

v

P

http://www.abbyy.com/buy
http://www.abbyy.com/buy


263

:     kjiu 2 kjiv 2         
   .
:        :

61414)2()2( 222 kjikjikjivu

:   kjiu 542 kjiv 434      .
:    :

vu

kjikjivu

020128

)4()5()3()4()4()2()434()542(

                 .

:       kji 52 kji3     
  .

: u v      :0vu  :

1,0560)3()52( kjikjivu

:   kji2kji 53 kji 443    
  .

: kjiAB 2 kjiBC 53              
                              

 :)53()2( kjikjiBCAB

)           (kji 443           

        0BCAB .

BCAB

kjikjiBCAB
0532)5()1()3()1()1()2(

)53()2(

A

C

B

http://www.abbyy.com/buy
http://www.abbyy.com/buy


264

1.   kcjbiav   ijk ,,      
 abc ,   .

2.  ABC     :

BcCbaiiAbccbai coscos)cos2) 222

3.  :sinsincoscos)(cos

http://www.abbyy.com/buy
http://www.abbyy.com/buy


265

   
The cross Product

         )     (    

uv vu    u  

 v      vu        
   

 u v           . u v        

  vu)u v  (  :        
             .

nvuvu )sin(

       uv )0(       n uv     
                     

)Right hand rule (  .
    
                        
     ) (     .

1.   :                
      .

 naaa ,...,, 21     IRn,...,, 21      
 a      nn aaaa ....2211a  
naaa ,...,, 21      .

 : kjia 321kjia 222       
         51 22.

n

vu

u
v

http://www.abbyy.com/buy
http://www.abbyy.com/buy


266

:

kji
kjikji

kjikjiaaa

11912
44215510

)22(2)32(525 21

 a  1a 2a      .
 : )3,2(1a )1,5(2a      

)5,6(a 1a2a   .
:  IR21 ,  :

53
652

)3,52()5,6(
),5()3,2()5,6(

)1,5()3,2()5,6(

21

21

2121

2211

21a

     1 2   :

)1,5(
13
28)3,2(

13
31)5,6(

)1,5()3,2()5,6(
13
31

26
62

13
622

13
14078

13
140626

13
1402

6
13
2852

13
282813

1026
18156

53
652

2
3

21

11

11

1

22

21

21

21

21

a

a

  1 2  1a 2a        a      
  1a 2a  a    .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


267

           :
          n              .    

             .
a(    ),0()0,(,( 21)21 xxxx

:)1,0()0,1( 21 xx

 )1,0(2e  )0,1(1e.
:221121 ),( xexexx

    :

yjxiyexe
yxyxyx

21

)1,0()0,1(),0()0,(),(

b(         :

)1,0,0()0,1,0()0,0,1(

),0,0()0,,0()0,0,(),,(),,(

321

321321

xxx

xxxzyxxxx

  )0,0,1(,)0,1,0( 12 ee )1,0,0(3e         
 :

zkyjxizyx
exexexxxx

),,(
),,( 332211321

c(      n 

nn

n

nn

exexex
xxx

xxxxxx

...
)1,...,0,0(...)0,,...1,0()0,,...0,1(

),...,0,0(...)0,...,,0()0,...,0,(),...,,(

2211

21

2121

     neee ,...,, 21   .
     : naaa ,...,, 21             

)  (         0...2211 nn aaa  
     0...21 n.

 )1,0,0(,)0,1,0(,)0,0,1(S   S  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


268

    : naaa ,...,, 21  )    (   
     0...2211 nn aaa       
  n,...,, 21    .

:
                    :

 :             .
 :      .
 :   .
 :                 

                    
        .

: naaa ,...,, 21        
)0,2,1(,)1,3,0(,)1,3,2( 123 aaa   1a ,2a3a   

    
 :          :
 :0)1,3,2()1,3,0()0,2,1( 321332211 aaa

 :

)0,0,0()0,332,20(
)0,0,0(),3,2(),3,0()0,2,(

3232131

3332211

 :

0
0
332
02

00
0332

020

32

321

31

32

321

31

 :     1 2 3 :

0,030030
0332

0020
02

0,0203323)(32

222

321

33

31

11331331

32

http://www.abbyy.com/buy
http://www.abbyy.com/buy


269

  0321      .

             vu 

uv        .

  0ii kji.

     jj kk kj ik         
   

  :uvvu 0uu .

          ij ,k     
              

           .
        :

: u v  )      .(                 
    :

i) 0uu

ii) uvvu

iii) wuvuwvu )(

iv) IRkvukvkukvu ,)()()(
                .

   :    kcjbiau 111 kcjbiav 222      

   :kabbajaccaibccb
cba

cba
kji

vu )()()( 212121212121

222

111

http://www.abbyy.com/buy
http://www.abbyy.com/buy


270

 :     :

0

0

0

,,

)()()(

)()()()()()(

)()(

212121

212121212121

222111

kk

jj

ii

ijk

jik

ikj

kij

jki

kji

kkccjkbcikac

kjcbjjbbijabkicajibaiiaa

kcjbiakcjbiavu

kabbajaccaibccb
cba
cba
kji

vu

kabbajaccaibccb

kabbajcaacibccb

kabjcaibckbajacicb

ibcjacicbkabjcakba

)()()(

)()()(

)()()(

()(

212121212121

222

111

212121212121

212121212121

212121212121

212121212121

 :   kjia 2 kjib 24  ba  

)86( kji   .
:     :

jiijikjk

kkjkikkjjjij

kijiiikjikjiba

6302404240

)()(2)(4)()(2)(4

)(2)(4)(8)24()2(

 )  (Triple Product
:                     :

i(  cba )( .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


271

  a b              .    

  c            c    
.

     :bacacbcba )()()(

 acb )(   a      bac )(  b    .

i(
321

321

321

)(
ccc
bbb
aaa

cba

ii()()()( bacacbcba

iii(0)( baa

iv ( )( cba        
    ab , c     

             cb 

   h     
   :

ecabeacbv ||)(  

hcbcabv )(

  :

1-  kjia 34 kjib 22            
                 

:         ba       :

kji
kji

ba 1067
212
134

a

c

b
e cb

e

x

y

z

o

h

http://www.abbyy.com/buy
http://www.abbyy.com/buy


272

  kjiba 1067  a b     ab  

  a b      :

bakjikji
kji

ab )1067(1067
134
212

2-        
Bsincoscossin)sin(.

:  OA OB   yx ,     

          x         

  :AOB

    jiOA sincosjiOB )sin()cos(  :

)sin()sin(

)sin()cossincossin(

0sincos
0sincos)sin(cos)sin(cos

kOBOA

kk

kji
jijiOBOA

3-      :
C

c
B

b
A

a
sinsinsin

:      a b  

c  BC  CA AB     

     :0cba

)(.......... iacb

c b

a

A

C
B

y

0

B

x

A

http://www.abbyy.com/buy
http://www.abbyy.com/buy


273

     c    :

accbaccbcc

accacccb

caccb

0

)()(

)(

        :

abBaAbBacAcb

BacAcb

/sinsinsinsin

sinsin

)(..........
sinsin

ii
A

a
B

b)(..........sinsin ii
a

A
b

B

       )i (     b              
 :

acCaAc

CabAbc

abbcbb

abbcbb

abbabcb

/sinsin

sinsin

)(0

)()(

)(

c
C

a
A sinsiniii

C
c

A
a .....

sinsin

 )ii ( )iii (   )(     :
SinC

c
SinB

b
SinA

a

4-   : u v           

          .    u v            
       :

     

    :v  sinuh

vuvu sin  

sinuh

v

u

http://www.abbyy.com/buy
http://www.abbyy.com/buy


274

             
       .

:                
          :

||
2
1 vu)    (

2
1  

1.  2,2 22
12 ttatta223 2

3 tta         
  

2.  kjia 432kjib 864            
 

3.   iaja 2,5 12ka 93   .
4.         )1,1,1(A 1,1,2(B)2,1,1(C  

     .         ABC      
 .

5.       : )0,0,0(),4,2,1( PQ )4,1,2(R  
)8,1,1(S      .

6. kjiu 2 kjiv 24        

i (uuii (vuiii (uv

V

u

http://www.abbyy.com/buy
http://www.abbyy.com/buy


275

  

       :         
 .                 

 .                

)Position Vector (  .      
y

x

a
a

a    .xa

 x ya y        .
       : ),( 11 yxP   ),( 22 yxQ   

PQa  .   a 
12

12

yy
xx

a
a

a
y

x   PQN  

  a   :

 P  Q   2
12

2
12

22 )()( yyxxaaa yx a  P  

Q  
2

2
21

21

yy

xx

y
x

M
m

mPQ      .

 :                 
    .

:
0
1

i  
1
0

j     xy      

      
0
0
1

i 
0
1
0

j  
1
0
0

k     

    x y z   .

  : u v          

       :Cosvuvu

http://www.abbyy.com/buy
http://www.abbyy.com/buy


276

     u v   .              

vu     :nSinvuvu

      vu  u v    u v      
     .

   :                  

   u         v        vu    
  .

        :

  kcjbiaa 111kcjbiab 222

         

 ba  :

22

11

22

11

22

11

222

111

ba
ba

k
ca
ca

j
cb
cb

i

cba
cba
kji

ba

      : a  b              
                      

 .

vu   

vu

u

V

u

v

sinuh

http://www.abbyy.com/buy
http://www.abbyy.com/buy


277

  

1 :(  kjia 53  kjib 234:

a  :(bab  :(ab 

2 :(  )3,2(P )2,6(Q  op OQ      

 P Q    yjxi .

3 :( )1,1(A )0,2(B)3,1(C  )2,2(D  AB  CD

    .
4 :(  )5,2(A  )1,1(B  )6,2(C   :

?22)?2)?) CACBiiiCBABiiABi

5 :(     kjiu 2 k2j2i3v  kjiw 35 
  :

?3)3)2) wviiiwviiwvui

iv(:u  v  w        

6 :( a  b      ba  ab    

  ba ab       ab   :

kjib

kjia
iv

jib

kjia
iii

jib
jia

ii
kjib

kjia
i

2

24
)

23
)

)
2

)

http://www.abbyy.com/buy
http://www.abbyy.com/buy


278

7 :(            :

)1,2,0(),1,0,2(),1,1,1(:)
)4,1,1(),2,3,2(),0,0,0(:)

RQPii
RQPi

8 :(               .

)4,5,3(),5,4,3(),2,2,1(),1,1,1(:)
)4,5.3(),2,5,6(),3,2,4(),1,2,1(:)

)4,1,3(),1,1,2(),3,2,1(),0,0,0(:)

DCBAiii
DCBAii

DCBAi

9 :(    

jiwkjivkjiuii

kjiwkjvkjiui

22
,,2:)

3315,5,5:)

http://www.abbyy.com/buy
http://www.abbyy.com/buy


279

http://www.abbyy.com/buy
http://www.abbyy.com/buy


280

?
170
150

cm
kg

http://www.abbyy.com/buy
http://www.abbyy.com/buy


281

 
Coefficient Variations

     
   .  
     

  

      
       .
          .
            
  

                
           

 .                .
     VC        
            :

x
SVC  

            :

x
SVC 100

      .
        .
          .

 

?
170
150

cm
kg

http://www.abbyy.com/buy
http://www.abbyy.com/buy


282

                 
 .
 :    :

5,3,1
:  :

543.0
3
67.2

67.2

67.2
3

44
3

)35()33()31()(

3
3
9

3
531

2222
2

x
SVC

S
n

xx
S

n
x

x

i

i

 :     A B   
 A  1495  B   1875  

   280 310.
        )   (  

:   :

%5.16100
1875
310

%7.18100
1495
280

B

B
B

A

A
A

x
SVC

x
SVC

 BA VCVC    A        
.

1.       
1    3      4     5   6

2.   4   6    
3.       10        

 

 A   

 B   

http://www.abbyy.com/buy
http://www.abbyy.com/buy


283

   )(
        :        

 .
               

 .

    A B    .

        
         

          .
        .

 x S %68 ),( SxSx

           .
%96  )2,2( SxSx       

    .
%99 )3,3( SxSx    

  .

 A

 B

  

Sx 3 Sx 2 Sx x Sx Sx 2 Sx 3

http://www.abbyy.com/buy
http://www.abbyy.com/buy


284

     S2      S3    
   .

  S3            .
:    12500   
700:

:          
:   1400     
  : SxSx 2Sx 3   .

  S    

Sx 11800 – 13200 68%
Sx 2 11100 – 13900 96%
Sx 3 10400 – 14600 99.6 %

 :x1400    15001400     
1500         S    :

1.2
700

1500

   1400     2S    x

 .

  %28.62 ),( SxSx      
%45.95%73.99         

http://www.abbyy.com/buy
http://www.abbyy.com/buy


285

   
       

     .
     
           
   .

            
                

             
              

       :
-)skewness() (:       

      .
: :           

 :3

3)(1

3 S

xx
n i

         .
03  .
03  )possitve skewness(      .
 03  )negative skewness(     .

       )  (   3

3

3

)(
S

xxf ii      
  . if .
:  :     .

S
medxkS p

)(3
)(

         .          
        .

BA XX

A

B

http://www.abbyy.com/buy
http://www.abbyy.com/buy


286

- kurtosis:       
    .

            

   :4
1

4

4

)(1

S

xx
n

n

i
i

            4
1

4

4

)(1

S

xxf
n

n

i
ii

   if

 ix  x ix   S  .
        .       .

:     4   
        

  .

:               .
  4      4   

    .
            4            

         .

            
 .

  
450-40

660 -50

1070-60

480-70

490-80

2100 -90

)lepto kurtic (

)platy kurtic (  )meso kurtic (

http://www.abbyy.com/buy
http://www.abbyy.com/buy


287

  
        

              
     .

               .
            
              .
     .
        .
               

   .
            

         .      
            

               
        .

                
               

            .
:          .    

             
  :)4,2(,)5,3(,)7,1(,)3,2(,)8,1(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


288

            
  .

    
            

:   :

       

   .

       
1
2
3
4
5

1
2
1
3
2

8
3
7
5
4

    .

               
              

http://www.abbyy.com/buy
http://www.abbyy.com/buy


289

  
Scatter diagram

           
         

 :

:
                                                              (1,2)  (2,3)   (3,4)  (4,5)

        .
    .

      .
         y       y
            .
             x y

   
:           
:                       (1,8)    (2,3)   (1,7)  ( 3,5)   (2,4)

       
  .
            

              
            

   .

x

y

 
 
 
  

 
 

 
1 2 3

http://www.abbyy.com/buy
http://www.abbyy.com/buy


290

:    :

)()(

)()()(

)(       x  y       
)(     x   y .

)(   x      y       x

         ) ( )(         )(   
  y     .

                      
 .

    

  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


291

   
  C, B,AD    

      
   

    :

 )( )(   y       
.
 )( )(   xy      
   ) () (       
) ( ) (   x y    
-  )( )( ) () (        y 

 x      

)()(

)()(

1x 2x 3x 4x
x

1y
2y

3y

4y

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


292

           
 y  x          
    y .
            .
            r  
    :

yx SS

yx
n
xy

nr

:          .

  X    y  x y 
1
2
3
4
5

1
2

3
2

9

8
3
7
5
4
27

8
6
7

15
8
44

          .
: x y      5n    
  xy  :

4.5
5

27,8.1
5
9 yx

5
)8.12()8.13()8.11()8.12()8.11( 22222

 x 2
xS

56.0
5
8.2

5
04.044.164.004.064.0

5
)4.54()4.55()4.57()4.53()4.58( 22222

 y 2
yS

44.3
5

2.17
5

96.116.056.276.576.6

8.8
5
44

5
)42()53()71()32()81(

n
yx

 x y    ) y )( x (

) y  )( x  (

 x y     
  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


293

            :

67.0
36.1
92.0

44.356.0
)4.5()8.1(8.8  r

        67.0  x y     
                    

:
:     :

5.84
5.63
5.52
5.21

yx

104
63
62
21
yx

94
73
52
31
yx

)()()(
 ) (                  .

) (            )(    
       )(    )(     
        )(  )(  

         )( :

6
4
245.2

4
10 yx

25.1
4
5

4
25.225.025.025.2

4
)5.1()5.0()5.0()5.1( 2222

x   

5
4

20
4

9119
4

31)1()3( 2222

y  
70)49()73()52()31(xy   

x x x

yy y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


294

1
5.2
5.2

25.6
155.17

525.1

)6)(5.2(
4

70

 r

   )(  :

6
4
24,5.2 yx

8
4

160016 y   25.1 x 
724018122 x y     

9486.0
10
3

825.1

)6)(5.2(
4

72

  

 ) (      :75.5
4
23,5.2 yx

6875.4 y 25.1 x 

75.16
4

9812.0
858.5

375.2
6875.425.1

)75.5)(5.2(75.16  

     y  )xy          (  
 11xy           .        

    .

-  .

01234
54321

y
x

    .
-        

 x y     

http://www.abbyy.com/buy
http://www.abbyy.com/buy


295
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